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Abstract. We give a coset realization of the vertex operator alge- 
bra M(l)^ with central charge I. We realize A/(l)^ as a commu- 
tant of certain affine vertex algebras of level —1 in the vertex algebra 
1/^(1) (— 5A0) ® ^0(1) (~i^o). We show that the simple vertex algebra 
1/ (1) (—Aq) can be (conformally) embedded into i .(i) (— Ao) and find 

the corresponding decomposition. We also study certain coset subalge- 
bras inside L (i)(— Ao). 



1. Introduction 

In the last few years various types of W-algebras have been studied in 
the framework of vertex operator algebras (see [Arj . [AM2j . |AM3j . |DLYj . 
[KW2] ). In this paper we will be focused on W-algebras which admit coset 
realization. To any vertex algebra V and its subalgebra U, one can associate 
a new vertex algebra 

Com(C/, V) = {v eV \ UnV = for all ueU,n> 0} 

called the commutant (or coset) of U in V. This is a very important con- 
struction in the theory of vertex operator algebras, because it gives a real- 
ization of a large family of W-algebras. Another important construction is 
the orbifold construction, where a new vertex operator algebra is obtained 
as invariants in a given vertex operator algebra with respect to the finite 
automorphism group. As we shall see in our paper, some vertex algebras 
admit both realizations, coset and orbifold. 

In this paper we consider certain coset vertex algebras for vertex algebras 
associated to affine Lie algebras. Let g be a simple Lie algebra of type 
Xn, Q the associated affine Lie algebra of type Xn \ and L (i)(A;Ao) the 
simple vertex operator algebra associated to g of level k €z C, k ^ —h"^ . For 
k,m G Z>o, L (1) {{k + m)Ao) is a subalgebra of L (i) (/sAq) L (i) (mAo), 
and one has the associated coset vertex operator algebra 

(1.1) Com(L^(i)((/c + m)Ao),L^{i)(A;Ao) ® L^w{mAo)). 
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Although there are no precise general results (to the best of our knowledge) 
about the structure of these cosets, it is believed that these vertex operator 
algebras are finitely generated and rational. 

In }AP2| . we present a vertex-algebraic proof of the fact that in the case 
k = 1 and affine Lie algebras of types Dn^ and Bn \ the coset (jl.ip is 
isomorphic to the rational vertex operator algebra . 

The situation is even more complicated for general k,m G C, such that 
k,m,k + m^—h^. Then one has the coset vertex operator algebra 

(1.2) Com(Z^(i) {{k + m)Ao), (kAo) (mAo)), 

where L (i)((fc + m)Ao) is a certain affine vertex operator algebra associated 

Xn 

to Xn'^ of level k + m (not necessarily simple). In this paper we identify 
some special cases of such cosets, and it turns out that they are not rational. 

The construction in |AP2j is based on fermionic construction of vertex 
algebras and certain conformal embeddings. In the present paper we use 
bosonic construction of vertex algebras and construct new conformal em- 
beddings of affine vertex algebras at level —1. By applying the bosonic 
realization of the affine vertex algebras L (i)(— iAo) and L {i)(— ^Aq) (cf. 

|FFj ) we consider coset vertex algebras 

(1.3) Com(L^(i)(-Ao),L^(i)(-iAo)®L^(i)(-^Ao)) and 

Com(L^(i) (-Ao), L^{i) (-^Aq) ® L^{i) (-^Aq)). 

It is interesting that these cosets have central charge 1. We show that 
these cosets are isomorphic to M(l)^, where M(l) is the Heisenberg vertex 
operator algebra of rank 1, and ^^(1)"*" is the Z2-orbifold vertex algebra 
studied in |DNlj . The structure theory of M{1)~^ shows that these cosets 
are irrational vertex operator algebras and isomorphic to W{2^ 4)-algebra 
with central charge c = 1. 

By combining results from [A2j and the present paper, we classify irre- 
ducible ordinary L (i)(— Ao)-modules. We believe that the (tensor) cate- 

gory of L (i)(— Ao)-modules is related to the (tensor) category of M(l)"'"- 
modules. We plan to address this correspondence in our forthcoming publi- 
cations. 

Generalizing ()1.3p . we use a natural realization of the vertex operator 
algebra L (i)(— Aq)®^ as a subalgebra of L (i)(— ^Aq) ® L {i)(— iAo), and 
prove that 

Com(L^a) (-Ao)''', ^^(1) (-^Ao) ® L^w (-^Aq)) 

is isomorphic to M(l)~^, where Af (1) is the Heisenberg vertex operator al- 
gebra of rank £. 
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Our construction is based on a new, interesting conformal embedding of 
affine vertex operator algebras at level —1 which can be of independent in- 
terest. We show that L (i) (— Aq) is conformally embedded into L (i) (— Aq) 

and that 

L (1) (-Ao) = L (1) (-Ao) e L (1) (-2Ao + As), 

which implies that L (i)(— Aq) is Zs-orbifold of L (i) (— Aq). 

^2i-\ 

By using conformal embeddings we study certain categories of J^^i-V 
modules of level —1 from |APlj as a C^^''-modules. It turns out that 
irreducible highest weight A2/-i~™odules a\) {—{n + l)Ao + nAi) and 

L .{1) (— (n + l)Ao+nA2^_i) {n G Z>o) are also irreducible as C^^^^-modules. 

This result is an affine analogue of the isomorphism of finite-dimensional C^- 
modules: 

VA2e_A^^2i-i) = VA2^_i(na;i) = Vci{nuJi). 
Using these conformal embeddings we also show that the coset 

Com(L^a)(-Ao)®^L^a)(-Ao)) 

is isomorphic to M(l)"'", where M{1) is the Heisenberg vertex operator al- 
gebra of rank i — 1. 

2. Preliminaries 

Let y be a vertex algebra ([B], [FHL] . [FLM] . [LL] ). For a subalgebra U 
of V denote by 

(2.4) Com(C/, V) = {v eV \ UnV = for all u£U,n> 0} 

the commutant of U in V (cf. [FZ], [UKU] , [LL]). Then, Com{U,V) is a 
subalgebra of V (also called coset vertex algebra). 

Let f) be a finite-dimensional vector space equipped with a nondegenerate 
symmetric bilinear form (•,•), considered as an abelian Lie algebra. Let 
f) = f) (8) C[t, t"^] © CK be its afhnization with the center K. Then the free 
bosonic Fock space M(l) = 5(f) t^^C[t^^]) is a simple vertex operator 
algebra of central charge i = dimf), with Virasoro vector 

(2.5) u: = l^h(H-lfl, 

i=l 

where {/i^^^, . . . , /i^} is any orthonormal basis of f) (cf. [FLMj . |LLj ). We 
shall also use the notation M[,(l) to emphasize the associated vector space 

Vertex algebra M(l) has an order 2 automorphism which is lifted from 
the map h ^ —h, for h e i). Denote by M(l)+ (or M(,(l)+) the subalgebra 
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of invariants of that automorphism. The irreducible modules for M(l)+ 
were classified in |DNlj and [DN2j . For £ = 1, it was proved in [DGj that 
M(l)"'" is generated by w and one primary vector of conformal weight 4, so 
it is isomorphic to a VF(2, 4)-algebra with central charge 1. 

Let be the simple Lie algebra of type X„, and g the associated affine 
Lie algebra of type Xn \ For any weight A of g, denote by L (i)(A) the 
irreducible highest weight g-module. Denote by Aj, i = 0, . . . n the funda- 
mental weights of (cf. |K1| ). We shall also use the notation Vx„(^) for 
a highest weight g-module of highest weight ^, and Ui, i = 1, . . . n for the 
fundamental weights of g. 

For any k £ C, denote by (i)(A;Ao) the generalized Verma g-module 
with highest weight A^Aq. Then, (i)(A;Ao) is a vertex operator algebra of 

central charge j^^, for any k ^ —h^, with Virasoro vector obtained by 
Sugawara construction: 

dimg 

where {a*}j=i^...^dimg is an arbitrary basis of g, and {6*}j=i,...,dimg the cor- 
responding dual basis of g with respect to the symmetric invariant bilinear 
form, normalized by the condition that the length of the highest root is \/2- 
(cf. [FZ], m, iEBj, [K2], [LL]). 

It follows that any quotient of A^ (i)(A;Ao) is a vertex operator algebra, 
for k / —hy. Specially, L (i)(A;Ao) is a simple vertex operator algebra, for 
any k ^ —hy. 

3. Simple Lie algebras of type Ci and ^2£-i 

Consider two 2£-dimensional vector spaces Ai = ©?£]^Ca^, A2 = ®l^iCa'^ 
and let A = Ai @ A2. The Weyl algebra W21 is the complex associative al- 
gebra generated by A and non-trivial relations 

[a+,a-]=5ij, l<i,j<21 

The normal ordering on A is defined by 

■xy: = ]^{xy + yx), x,y G A. 

Define 

ef^_,^ = -.a+aj :, ff^_,^ = :a+a; :, l<i,j< 2£; i < j, 

and 

Hi = - : at a- :, l<i<2L 



Then the Lie algebra gi generated by the set 

is the simple Lie algebra of type Ait-x (cf. [Bou] and |FF| ) . The Cartan 
subalgebra {)i is spanned by 

{Bi - Hi+i I 1 < i < 2£ - 1}. 

Let 9 be the automorphism of W2i of order two given by 

for i = 1, . . . ,i. Clearly, Qi is ^-invariant and 

and similarly for root vectors associated to negative roots. 
The subalgebra g of gi generated by 

1 1 

for i,j = 1, ...,£, i < j, is the simple Lie algebra of type C^. The Cartan 
subalgebra f) is spanned by 

{Fi-/72£+l-^ \l<i<i}. 

Clearly, 9 acts as 1 on g. Furthermore, 

is a highest weight vector for g, which generates the irreducible g-module 
Vci{ijJ2)- Clearly, 9 acts as —1 on Vci{uj2)- We obtain the decomposition 

(3.7) 5i = Q®Vc,{uJ2). 
Since 

one easily concludes that the irreducible gi-module VA2i_i{nuji) remains 
irreducible when restricted to g. Thus, 

(3.8) VA2i_iinuJi) = VciinuJi) for n G Z>o. 
Similarly 

(3.9) VA2e^A'^^2e-i) = Vci{nui) for n E Z>o. 

We will consider certain affine analogues of relations p.7p - ()3.9p . 
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In what follows we shall need the following decompositions of g-modules: 

Vc,{u}2) «) Vc,{uj2) = Vc,{2uj2) e Vc,{uji + W3) e ^0,(^4) 

eVc,i2oji)eVc,iu;2)eVcM (£>4), 
^03(^2) ® Vc,iuj2) = Vc,i2u}2) e Vc-A^i + ^^3) e Vc,i2u}i) e Vc-A^2) e ^^3(0), 

Vc,{uJ2) ® ^02(^2) = Vc,{2u2) e Vc,{2uji) e VcM, 
Vcinioi) (g) VcX^i) = Vcin^i + 0J2) Vb,((n - l)a;i + wa) 

eVb,(na;i)eyQ((n-2)a;i +a;2) > 3,n > 2), 
Vc, (wi) «) (u;2) = Vc, (oji +uj2)e Vc, (ws) Vb, (wi) > 3) . 
(3.10) 

4. WeYL vertex algebras AND SYMPLECTIC AFFINE LlE ALGEBRAS 

The Weyl algebra W£{^ + Z) is a complex associative algebra generated 

by 

af{r), rei + Z, l<i<i 
and non-trivial relations 

where r, s G ^ + Z, i, j G {1, . . . , £}. 

Let M£ be the irreducible VF£(^+Z)-module generated by the cyclic vector 
1 such that 

af{r)l = for r > 0, 1 < i < ^. 
Define the following fields on 

af{z) = Y,af{n + \)z—\ 

The fields af(^), i = generate on the unique structure of a 

simple vertex algebra (cf. |K2| . |FBj ). Let us denote the corresponding 
vertex operator by Y . 

We have the following Virasoro vector in Mf. 

i 

(4.11) u^ = \ E(%(-^K^(-^) - 

i=l 

Let Y{yj,z) = ^^g^ -^^(f^)^^"'"^. Then is a |Z>o-graded with respect 
to L(0): 

:= ^ Mi{m), Me{m) = {v £ Me \ L{0)v = mv}. 

Note that M£(0) = CI. For v G Me{m) we shall write wt(f) = m. 
The following result is well-known. 



Theorem 4.1 ([FF]). We have 

Mi ^ L^(i) (-iAo) L^(i) (-|Ao + Ai). 
In the case i = 1 we have 

Ml ^ L^(i) (-iAo) L^(i)(-iAo + Ai). 

Remark 4.1. The highest weights of modules from Theorem \4-l\ o-^e ad- 
missible in the sense of [KWlj . Representations of vertex operator algebras 
associated to affine Lie algebras of type A^^"* and cf'^ with admissible highest 
weights were studied in |AMlj and |Alj . 

We shall now consider the vertex algebra M21 and its subalgebra -L (i) (— iAo)(X' 

iv^(i) (— ^Ao). For ^ = 1, ^Ao) L^{i) (— ^Aq) is a subalgebra of M2. 

Let 9 : — s- be the automorphism of order two of the vertex 
algebra which is lifted from the following automorphism of the Weyl 
algebra 

ar{s) ^ -a^e+i^iis), ai+i_i(s) ^ -ar{s), 

for i = 1, . . . , ^ and s G ^ + Z. 

If we have a subalgebra U C M2e which is 0-invariant, we define 

= {ueU \ e{u) = n}, = {ueU \ e{u) = -u]. 

Define the following vectors in M2f- 

^" = 72K"(-^)-4m-.(-i))l 

for z = 1, . . . , ^. Then the subalgebra generated by bf , 6^ (resp. ft^^^^.j, 62^+1-2)' 
for i = 1, is isomorphic to M^. Since 

e{bf) = bf, = 

for i = 1, . . . , ^, we have 

^Mi(^ ^Mi0 L (-Uo), 

and for ^ = 1: 

^ Ml M? ^ Ml ® (-iAo). 



' "2£+l- 



V2 



V2 



■K+(-^)-«2m-^(-i))l 

-I 

-(a-(-^) + a++i_,(-i))l, 
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5. COMMUTANT OF L^{i) (-Aq)®-^ IN L^(i)(-iAo) (-^Aq) 

In this section we use Weyl vertex algebra M2i to study certain subalge- 
bras of L (i)(— ^Aq) <8) L (i)(— ^Aq). We determine the commutants 

Com(L^(i) (-Ao)®^ L^(i) ® L^^, (-iAo)) 

and 

Com(L^(i) (-Ao), (-^Ao) ® (-^Aq)). 
Let U be the vertex subalgebra of Mf C M^^ generated by 

e« = at{-\)a-,^,_,{-\)l, = a-(-i)a+^,_,(-i)l and 

(5.12) /i« = (-a+(-i)ar(-i) + a+^,_,(-i)a-,+,_,(-i))l, 
z = 1, . . . It is clear that U is isomorphic to the tensor product 
L^(i)(-Ao)0---®L^(i)(-Ao) 

^ i V i ' 

e. times 

of I copies of the affine vertex algebra L (i)(— Aq). 

^1 

Define also 

= K^(-i)«r(-i) + a2Vi-.(-^)«2m-.(-^))i' = 1> • • • 

Then 

G Com(C/,M2^), (f = l,...,£). 

Let 

t 

i=l 

Then f) can be considered as an abelian Lie algebra, and the components of 
the vertex operators 

Y{h,z) = ^h{n)z-''-^ (/iGf)) 

neZ 

define a representation of the associated Heisenberg algebra f). Moreover, ^ 
generates the subalgebra of the which is isomorphic to the Heisenberg 
vertex algebra M(,(l) with central charge We also note that {H^'^\ H^^^) = 

Using relations (j5.12p one can show that the Virasoro vector (|4.1ip (in 
M2e) can be written in a form: 

bJ = (jJi + UJ2 

where 

1 ^ 1 

i=l 
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is the Virasoro vector in U and 

i=l 

is the Virasoro vector in Mf,(l). For 2 = 1,2 let Y{uji, z) = J2nez Li{n)z~'^~'^ . 

Proposition 5.1. We have: 

Com(C/,M2^) = M^(1). 

Proof. It is clear that W = Com(C/, M2^) contains a subalgebra isomorphic 
to M(,(l). 

Assume now that M^{1) ^ W . Then there is a vector w ^W, wt(t<;) > 
such that 

H^''\n)w = 5nfi\i)W (n G Z>o, A(j) G Z, ■j = l,...,£). 

(Note that each H^^\o) acts semisimply on M2e with eigenvalues in Z.) By 
definition of W we have that Li(0)?i' = 0. Therefore 

1 ^ 

mw = L2i0)w = --J2i\r)fw- 

i=l 

This contradicts the fact that wt{w) > 0. So, W = M(,(l). □ 

Since 6i(i7«) = for i = 1, . . . , £ we have that M(,(l)+ = M(,(l)° 

is a subalgebra of M^. Therefore the vertex algebra L^(i)(— ^Aq) ® 

L [i){—\Kq) contains a subalgebra isomorphic to C/ (8> -/Vff,(l)+. By using 
Proposition 15. II we obtain the following theorem. 

Theorem 5.1. We have: 

Com(L^a) (-Ao)®^ (-iAo) L^(i) (-iAo)) ^ M(,(l)+. 

In the case ^ = 1, is one-dimensional vector space \) = CH, where 

H = (a+(-i)ar(-i) + a+(-i)a2 (-i))l 

and 

Theorem 5.2. VFe /laue; 

Com(L^a) (-Ao), (-iAo) ^ L^w (-iAo)) = M^(l)+. 
In the next section we generalize Theorem 15.21 in another way. 
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6. COMMUTANT OF LEVEL —1 TYPE C^^^ AFFINE VERTEX ALGEBRA IN 



L^(i)(-iAo)«)L^{i)(-iAo) 



In this section we study another subalgebra of L a) {—■^A())0L (i) (— ^Aq). 
The subalgebra of ® C M^^ generated by 



e2eA = 


cO) = at 






/2e.(= /«) 






= 5("< (- 




-i) + a+( 






fei+ej 


= i(«r(- 




-i) + «7( 


~2)'^i+l-i(" 








\)^]{-\) 




~l)^2^+l-i(" 












~2)"2^+l-j(~ 




(6.13) 








for i 





is level —1 affine vertex operator algebra associated to cj,^\ We denote it 
by L (i)(-Ao). 
Let 

e 21 



1=1 1=1 

Set f)i = CH C f). Let M(,^(l) be the Heisenberg vertex algebra generated 
by H. Clearly {H, H) = -21. 

Since H G Com(L (i)(— Ao),M2^), we have that M21 contains a subalge- 

bra isomorphic to L (i)(— Aq) ® Mf,j(l). 



Proposition 6.1. T/ie Virasoro vector 1^4. 11 ) in M2e can be written in a 
form: 

U = UJl + UJ2 

where coi is the Virasoro vector i2. 61) in L (i) (— Aq) obtained by the Sugawara 
construction and 

is the Virasoro vector in M(,j(l). 
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Proof. Formula (12. 6p implies that 



^l = ^(E(^2e,(-l)/2e,(-l)+/2e.(-l)e2e.(-l))l 
i=l 



+2^(e,,+,^^(-l)^+,^,(-l) + ^+,^.(-l)e,,+,^.(-l))l 

ij' = l 
i<j 

I 

+2 ^ (e,,_,^,(-l)^_,^,(-l) + ^„,^,(-l)e,,_,^,(-l))l 
(6.14) +\j2h2.A-^fl 



2 

1=1 



where 

/i2.,(= /i^^)) = (-a+(-i)a-(-l) + a,Vi-.(-^)«2m-.(-5))l- 
It follows from relations (16.13P that 

(e2..(-l)/2e,(-l) + /2..(-l)e2e,(-l))l 

= 2af{—^)a^ (— 2)'^i+i-i(~2)'^2^+i-i(~ 2)-*- 
+a-(-|)a+(-i)l + a-,+,_,(-|)a++,_,(-i)l 
(6.15) _a+(-|)ar(-i)l - a+^,_^(-|)a2,+,_ .(-i)l, 





-(-^ 






"2)'^i+l-j( 


.~ 2)'^2^+l-j(" 


4)1 


+«.^ 


(-^) 


'«7 


(- 


2)^2£+l-j(' 


~2)'^2£+l-j(~ 






(-^) 




(- 


|)^2£+l-j(" 


~^)4f+l-j(~ 




+4 


(-^) 




(- 




~2)"2^+l-i(~ 





+^(«r(-i)«/'(-^)i + «7(-i)4(-i)i + «2m-^(-i)4m-.(-^: 

+«2'^+i-i(-i)4+i-i(-|)i - «^'(-i)«r(-^)i - 4(-i)«7(-i)i 

~'^2e+l-ii~l)^2£+l-ii~l)'^ ~ ^2£+l-ji~l)^2e+l-ji~l)^^ ' 

(6.16) 
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and 

2(e,,_.,(-l)^_.,(-l) + ^_.,(-l)e,,_,,(-l))l 



= 4i- 


1 

2 


K(-|)4(- 










h) 




-j(~l)'^2£+l-i(' 


4) 


1 




\) 


'«7(-|)4£+i- 


-j(~^)"'2f+l-j(' 


4) 


1 




—i 






)«7f 





2£+l-j*' 



+a2m-,-(-i)4+i-,-(-^)i - «^^(-iK"(-^)i - 4(-iK(-^)i 



i+l-i(~i)"2£+l-j(~l)-'- ~ "2£+l-j(~i)"2£+l-7 



(6.17) 



for alH, J = 1, . . . i < j. Using relations (IHli]) . (I6l5]l . (lOHl) and (IHTfj) 

one can obtain 

2f 
i=l 

which imphes the claim of Proposition. □ 

Using Proposition 16.11 and applying similar arguments as in the proof of 
Proposition 15.11 we obtain: 

Proposition 6.2. We have: 

Com(Z a)(-Ao),M2,) = M^,(l). 



Since e{H) = -H, we have that Mi,j(l)+ = M(,^(l)° is a subalgebra of 
M^^M^. Therefore the vertex algebra L„(i) (— iAo)®^ (i) (— ^Aq) contains 

a subalgebra isomorphic to L (i)(— Ao)(X)M(,^(l)+. By using Proposition 16.21 
we obtain the following theorem. 

Theorem 6.1. We have: 

Com(Z^(i)(-Ao),L^(i)(-iAo) L^(i)(-iAo)) = M^,(l)+. 

7. The classification of ordinary modules for L„(i)(-Ao) 

In this section we obtain a classification of irreducible (— Ao)-modules, 
which we use in the following sections. 
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The following vertex algebra was considered in ^A2j : Let i >3 and 



-Ac 



< A3(-l)l >' 



where < A3 (—1)1 > is the ideal generated by the singular vector A3 (—1)1, 
such that A3(— 1) is given by the following determinant: 



A3(-l) 



62.1 (-1) 



--€1+62 \ 



62. 



(-1) 
-1) 



3€i+e3(-l) e,2+£3(-l) 62^3 

Using relations (|6.13p . one can easily check that 



(-1) 

<:2+<:3(~l) 
1) 



£1+^3 ^ 



62,1 (-1) eei+,2(-l) e. 
eei+e2(-l) e2e2(-l) ee 
eei+e3(-l) ee2+,3(-l) e2e3(-l) 



-1) 
-1) 



in L Aq), so L Aq) is a certain quotient of V (i)(— Aq), for ^ > 3 



c 



Thus, any irreducible module for L (i) (— Aq) is an irreducible module for 



y (i)(— Aq). The classification of all irreducible modules in the category O 



for 1/(1) (-Aq) was obtained in \A2\ Example 4.1]. We will apply this result 

-Ao)-modules. 



(1)1 



to obtain a classification of all irreducible ordinary L 

(Recall that a module is called ordinary if L(0) acts semisimply with finite- 
dimensional weight spaces). 

Proposition 7.1. Let i > 3. The set 

(7.18) {L„(i) ((-n - l)Ao + nAi) | n € Z>o} U {L„(i) (-2Ao + A2)} 

provides a complete list of irreducible ordinary modules for the vertex oper- 
ator algebras V {i)(— Aq) and L {i)(— Aq). 

Proof. We use the well-known method for classification of highest weights 
of V {1) (— Ao)-modules as solutions of certain polynomial equations arising 



from the singular vectors (cf. [XT], [XMT] . [XPT] . [MP] . [Pl], [P2]). The 

highest weights of ordinary modules are of the form — Aq + ^, where n = 
'}2d=i ^i^i- Clearly, hi G Z>o, for z = 1, . . . , ^. Using polynomials from \A2\ 
Example 4.1], and the fact that 



/,3_,,(0)2A3(-1)1 



e2,i(-l) e,i+,2(-l) eei+,,;(-l) 
eei+e2(-l) e2,2(-l) ee2+e,(-l) 



.,(-1) 



.(-1) e2.,(-l) 
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for « = 4, we obtain that the weights ii are annihilated by the polyno- 

mials 

Piifj.) = {hi + l)(/i2 + ^)hi, 

qi{^) = {hi + l){ihi + (/i2 + hi){h2 + hi- 1)), 

r,(/i) = 4/i,(/i2 + 1) + {hi + hi- l)(/i2 + hi + /i2(/ii + K)), 

for i = 3, Then one easily obtains that hi = 0, for i = 3, 

and that either /i2 = and /ii = n, for n G Z>o or /i2 = 1 and /ii = 1. 

So we have proved that any irreducible ordinary V n) (— Ao)-module (resp. 

L {i)(— Ao)-module) must belong to the set (IT.lSp . 

Since a|'(— 1/2)"1 G M21 is a singular vector of highest weight — (n + 
l)Ao + nki, and 

e;+,, = ^(a+(-i)a2,_i(-^)l - (-i)a2,(-i)l) G M2, 

is a singular vector of highest weight — 2Ao + A2, we have that every module 
from the set (|7.18|) is a module for these vertex operator algebras. The proof 
is now complete. □ 

Corollary 7.1. Let ^ > 3. The set of irreducible ordinary L (i)(— Aq)- 
modules is a subset of the set 

{L (1) {{-n - l)Ao + nAi) | n G Z>o} U {L ^ (-2Ao + A2)}. 

8. CONFORMAL EMBEDDING OF Cf'' INTO ^2£-l LEVEL —1 

In this section we show that L (i) (— Aq) is a Z2-orbifold of vertex operator 

'-I 

algebra L ai) (— Aq), and determine the corresponding decomposition. 

^21-1 

The subalgebra of M2£ generated by 

e^_,^ =a+(-i)aT(-l)l, f^^_^^=aT{-l)a^{-\)l, 

for i,j = l,...,2£,z < j, 

is level —1 affine vertex operator algebra associated to the affine Lie algebra 
gi of type A^})^. We denote it by L (i) (— Aq). Clearly, L (i)(— Aq) is a 

subalgebra of L (X) (— Aq). Let g be the affine Lie algebra of type C^P . 

As before, denote by ui the Virasoro vector in L (i)(— Aq), and by 

the Virasoro vector in L (i) (— Aq). 

Proposition 8.1. We have 

A 

1^1=0^1. 
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Proof. Similarly as in Proposition 16. 11 one can show that 

A i 

OJ 



2£ 



2 ' ' 2' ' ' 2' t y 2' ^ 2" Ai 

i=l 

which implies the claim of Proposition. □ 

Furthermore, the vector e^^^^^ from the proof of Proposition 17.11 is a 
singular vector for g in L (i) (— Aq) which generates L (i) (— Ao)-module 

L (i)(— 2Ao + A2), whose top component is irreducible g-module Vc^(w2). 
Clearly, Q acts as 1 on L (i)(— Aq) and as —1 on L (i)(— 2Ao + A2). 

Lemma 8.1. Lei u,v £ L (i)(— 2Ao + A2). Then UnV G L (i)(— Aq), for 
any n G Z. 

Proof. It suffices to prove the lemma for u and v from top component R{0) 
of L (i)(— 2A0 + A2). Then the statement will follow from the associator 
formulae. 

First we notice that 

Mo^' G -^^^(i)(-Ao), 

(since vectors of conformal weight 1 with bracket [u, v] = uqv span Lie 
algebra Qi of type A2£-i, and fixed point subalgebra g is a Lie algebra of 
type Ci). 

Assume now that 

UnoV i- L (i)(-Ao) 

for certain u,v £ -R(O) and no G Take maximal no with this property. 
Then UnoV has nontrivial component in some highest weight L (i)(— Aq)— 

module W of highest weight — Ao + ^, and therefore there is a nontrivial 
intertwining operator of type 

/ W 
^^■^^^ U (i,(-2Ao + A2) L n)(-2Ao + A2; 

One can associate to this intertwining operator, a non-trivial g-homomorphism 

In particular, Vcdp-) must appear in the decomposition of tensor product 

First consider the case i = 2. Using the decomposition of tensor product 
^C2('^2)'X'Vc'2(w2) from (|3.1U|) and the fact that the lowest conformal weights 
of modules of highest weights — Ao + 2li;2 and — Ao + 2a;i are | and |, respec- 
tively, we conclude that these modules cannot appear inside L (i) (— Aq). 



^21-1 



Thus, UngV G L (i)(— A, 
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Now, let i > 3. Relation (I3.10p implies that the only cases of weights 
— Aq + (aside from ^ = 0) from Proposition 17.11 such that // appears in 
the decomposition of Vci{u)2) yce{^2) are when fj, = 2(jJi or /i = oj2- Since 
UngV is ^-invariant, it does not contain component inside L (i)(— 2A0 + A2). 
On the other hand, the lowest conformal weight of module of highest weight 
— Ao + 2wi is ^Y^, which is not an integer. Thus, this module cannot appear 
inside L {i) (-Aq). Thus, u„ot; G L (i) (-Aq). □ 

Theorem 8.1. We have: 

L (1) (-Ao) = L w (-Ao) e L w (-2Ao + A2). 

In particular, 

Z (i)(-Ao) = Z (1) (-Ao)°, L (i)(-2Ao + A2) = L (1) (-Ao)^ 

Proof. Lemma ISTTl shows that L (i)(— Ao) © L (i)(— 2Ao + A2) is a vertex 

subalgebra of -^^.(i) (— Ao). But this subalgebra clearly contains generators 

^ ^21-1 

of i .(1) (— Aq), which implies the claim of Theorem. □ 
The classification of irreducible ordinary L .(i) (— Ao)-modules follows 

^2i-l 

from the results from |APlj and similar arguments as in Section [7) 
Proposition 8.2. The set 

{L (1) ((-n- l)Ao + nAi) I n G Z>o}U{L (1) ((-n - l)Ao + nA2^_i) | n G Z>o} 

provides a complete list of irreducible ordinary modules for the vertex oper- 
ator algebra L (i) (— Aq). 

The following result shows that most irreducible L (i) (— Ao)^modules 

^ ^2i-l 

remain irreducible when we restrict them on L (i)(— Ao). 

Theorem 8.2. Assume that £ > 3, n G ^>o- Then we have the following 
isomorphism of L (i) (—Aq) -modules: 

Lad {-{n + l)Ao + nAi) ^ L m (-(n + l)Ao + nAi), 

Lm {-{n + l)Ao + nA2^_i) ^ L ^ (-(n + l)Ao + nAi). 

"-21-1 

Proof. Set W = L (i) (— (n + l)Ao + nki) and let w denote the highest 

^21-1 

weight vector. Then the top component PF(0) is isomorphic to the irre- 
ducible highest weight 0i-module V/i2^_^ (nwi) = U{qi)w. Relation ()3.8p 
implies that 

W{Q) C VFi = U{q).w. 
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As before, denote by R(0) the top component of L (i)(— 2Ao + A2), and let 
u G Rio), V £ 1^(0). Using the decomposition of tensor product Vc\{nu}i) 
Vc({oJ2) from relation (j3.10p . the classification of L (i) (— Ao)-modules, and 
standard fusion rules argument we see that 

UnV gWi (n G Z). 

This easily implies that 

(8.20) L n) (-2A0 + A2).W C Wi. 

Let now v G W. 

The irreducibility of W implies that 

W = L (1) (-Ao).f = spanc{n„f | u G L (i) (-Aq)}. 

Using relation (j8.20p we get 

W = L (i)(-Ao).f = spanc{Mnf | u G L (i)(-Ao)}. 

Therefore, W is irreducible L (i)(— Ao)-module. The proof of the second 
isomorphism is analogous. □ 

We believe that vertex operator algebras L ^i) (— Aq) and L (i)(— Aq) 

are simple. But even without these simplicity results we can conclude that 
the analogous of Theorem 18.11 also holds for simple vertex operator algebras 
^4(1) (-Ao) and L (i)(-Ao). 

Corollary 8.1. We have: 

Lad (-Ao) = L (-Aq) © L (d (-2Ao + A2). 

Proof. First we notice that the automorphism 6 also naturally acts on a 
simple vertex operator algebra L (i) (— Aq). Theorem 18.11 implies that 

L (1) (-Ao) = y°©y^ 

where (resp. V^) is a quotient of L (i)(— Aq) (resp. L (i)(— 2Ao + A2)). 
By using the fact that Z2-orbifold components of simple vertex operator 
algebra are simple (cf. [DM] ) , we get that = L (i)(— Aq) and = 

L„(i) (-2Ao + A2). The proof follows. □ 
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9. COMMUTANT OF L (i) (-Aq)®^ IN L (i)(-Ao) 

We shall now study vertex operator algebra L (i) (— Aq). Corollarv lS.ll im- 
plies that L (i) (— Aq) is Z2-orbifold of vertex operator algebra L (i) (— Aq). 

Clearly, L (1) (—Aq) is a quotient of L (—Aq) modulo the maximal sub- 

module of L (i) (— Aq) (which is possibly zero). 
As before, we denote 

H^'^ = (a+(-i)ar(-i) + at,^,_^i-l)a-,^,_^i-l))l, (i = 1, . . . 

h = hW + ... + h('\ 

Also, let 

-Jj(i) ^ jjii) _ = 1, . . . , ^ _ 1) and 

^1 = CH^^^ + ■ ■ ■ + Ch'-^'^\ 

Clearly (H^^ ,h'~^^) = -46, j. 

Theorem 9.1. We have: 

Com(L^a)(-Ao)®',i>c{i)(-Ao)) = 

Proof. By using same arguments as in the proof of Proposition 15.11 we get 
that: 

Com(L (i)(-Ao)®^L^(i) (-Aq)) = Mj- (1). 

Since generators i/^*^ don't belong to the maximal submodule of L (i) (— Aq) 
(which is possibly zero) we conclude that 

(9.21) Com(L a)(-Ao)®^L w (-Aq)) ^ (1). 

Let 6 be the automorphism of order two of the vertex operator algebra 
L (1) (— Aq) as in CoroUarv 18.11 Then 

e{H^^) = -H^^ (i = 1,...,^- 1), 

and we get that 

(9.22) M-^^{1)+ c ^(-Ao)° = i^(i)(-Ao). 

Now proof of the theorem follows from relations ()9.2ip - (j9.22p . □ 
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